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Abstract 

(N 

C*\ ! We consider the quantum capture of nonrelativistic massive parti- 

| cle by the moving infinite curve (cosmic string in wire approximation) . 

It is shown that the cusp appearing on a string at a certain point due 
to the string dynamics can make the wave function collapse at this 
point irrespective of the caption place. 
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I. The role of the cuspidal points pQ on cosmic strings j2] was explored 
recently to explain the radio bursts in the Universe [3]. In this brief article 
we suggest the simple model which demonstrates matter transfer along the 
infinite string; cusps that appear on 4D string in certain isolated space-time 
points [1] will play the key role here too. Let us cosider the infinite non- 
stationary curve x(s, t) parametrized by parameter s G (— oo, oo) for every 
time t. We suppose that for certain moments t\ } . . . isolated cusps appear on 
the curve at some points S\, . . . . Conditionally, this object can be called as a 
[ "cosmic string in wire approximation" [5]. For example we may consider the 

Nambu - Goto infinite string in the Minkowski space - time so that the 
gauge condition x (s, t) =t holds (see, for example, [6]). For every time t the 
infinite curve x(s) G E 3 is considered as a source of potential forces acting on 
massive non-relativistic quantum particle. Taking into account the possible 
interpretation in the terms of the Nambu - Goto string, we must explain 
how we are going to describe the interaction: initially, the Nambu - Goto 
string is the relativistic object. To apply the the non-relativistic scattering 
theory, we must do the correct reduction from Poincare to Galilei group in 
corresponding string model. This reduction has been made in the work [7] 
(see also the work [S] for the case with the finite planar string). The details 
of this theory are not important here. 

Thus we will use the non-stationary Schrodinger equation to describe the 
interaction between some particle and the curve x(s, t). This curve is smooth 
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for all moments t < e, where e is some small positive number. Regarding the 
asymtotical behaviour for the large values of the parameter s, we suppose 
that 

lim s n |x(s, t) - n 3 s\ = 0, Vn = 0, 1, 2, . . . . (1) 

\s\— >oo 

The vector 113 is the ort for the third coordinate axis here. The infinite string 
with similar boundary conditions has been investigated earlier in the article 
[7J. The potential is defined by the matrix elements: 

00 

(p I V a {t) I p') = e a Xa (p)Xa(p') J e**-*™''* g(s)ds , (2) 

—00 

where Xo(p) = 0{l/a— | p|) and the constant e a < here. The "form-factor" 
g(s) is the arbitrary function from the Swarz space that satisfies following 
conditions: 1)0 < g(s) < 1, 2) g{s) = 1 Vs E [-R, R] for some R » 1. This 
function cuts the interaction for the domain \s\ > R. Why has the potential 
(J2J been selected? Suppose that parameters s = s and t = t were fixed. 
Then the potential 

(p|V^|p'> = eaX.(p)Xa(p , )e- <Cp - ,, ' )X0 

will be a well-known separable potential for the "force center" x = x(so, to)- 
Moreover the formula 

!im(r | V° \ r') = lime a / a (r - x )7 a (r' - x ) = a8(r - r') 

a— >0 a— >0 

will be true for the appropriate manner e a — > [9J. Thus the potential 
(T5]) will be the potential V® expanded along the curve x = x(s). Indeed, 
we consider the finite parameter a ~ and the particles with momentum 
I p| < 1/a only. In this case the non-locality of the separable potential is not 
essential because the function /»(r) is vanishingly small0 for all r > a. We 
avoid the limit a — > in this work for the following reasons. 

1. We assume that the realistic cosmic strings have finite radius [2]. 

2. On the other hand, the limit a — > leads to the essential (but mis- 
placed here) mathematical complications. Rigorous theory for station- 
ary curve without cuspidal points was developed in the work [10] . There 
is no theory for the curve with cusps. 

1 The function Xa(p) was selected as the Heviside function 8(1 /a — \ p|) for simplicity 
only. We can redefine the function Xa(p) so that the function / a (r) = for r > a. 
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3. The potential ([2]) defines correct integral operator in the Hilbert space 
L 2 (R 3 ) for every time moment t. This fact allows to explore the non- 
stationary scattering problem - the scattering on the moving string. 

Practically, the separable approximation for the <5-potential has been applied 
in the work [9], where the rigorous interpretation of the hamiltonian —A + 
aS(r) was given first. 

II. Let us consider the massive particle that is infinitely distant from the 
string for t — > — oo (m = 1/2, h = 1 for subsequent studies). We suppose 
that the corresponding state vector \ip~(t)) somehow describes the movement 
of the particle towards the string. Let the state vector \ip(t)) describe the 
state of the considered particle at the finite moment t. Than the following 
integral equation can be deduced for the wave function i/;(p,t) = (p\if)(t)) 
(see [TTJ, for example): 



v(M = r(p,t) -i d? dy e -^*-*')<p i v a (?) i pXp',0 (3) 



Our suppositions will be following: 

• the wave function i[)(p,t) describes a free particle until the capture 
happens, the capture takes place at some moment t « 0; 

• the string is the straight line for t = 0: 



• ^(p,0) = <Px(p) where the function (p x (p) will be the solution for 
the stationary Schrodinger equation with the energy E = — x 2 , the 
potential ([2]) for the straight stationary string and g(s) = 1. 

The function (p K (p) satisfies the stationary Schrodinder equation 




— oo 



x(s,0) = sn 3 ; 




the value x = xQo 3 ) satisfies the equation 




Finally, 
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where the function C(ps) is an arbitrary function that depends on the manner 
of preparation of the wave packet ^"(P;^)- For example, we may select the 
function C(ps) so that our particle is located nearly from the space plane 
£3 = for all moments t < 0. Generally speaking, (p K (p) G (L 2 (_R 3 ))', where 
the symbol ' denotes the framed Hilbert space. 

Thus the following representation for the wave function ip(p, t) is deduced 
from the equation ([3]) and our suppositions (t > 0): 



i 00 

V(p,t) = e-*V(p) - M«X«(P) j ' dt'e-^ 2 ^ j ds'g(s')e-^ s '^I(s',t'(p) 



I(s,t) = j d 3 PX a(p)e Jpx( ^V(p,t). (6) 

For example, in the simplest case of the rectilinear stationary string x(s, t) = 
n 3 s (Vs,Vt) and g(s) = 1 the function i[)(p,t) = e lK Vx(p) satisfies the 
equations ([5]) - identically 

The function I(s, t) satisfies the integral equation: 

t 00 

I(s, t) = I (s, t)-e a J dt' j ds'g(s')K(s, t; s', t')I(s', t') , (7) 



-00 



where the absolute term Io(s,t) = f rf 3 px a (p)e*' px ^'^ p2 *V*(p) an d the ker- 
nel 

K(s,t;s',t') = i J ^ pXa ( p yhpHt-t')+ P (Ms,t)- x (s',t'))] ^ 

In this brief article we did not set ourselves any investigations of the 
integral equation ([7]) as an object. We will use the first Born approximation 
for the wave function ip(p,t) only; therefore we replace I(s,t) — > Io(s,t) in 
the formula ([5]). 

III. As the next step we will discuss the rearrangement of the wave func- 
tion tp(p,t) for the moment when the cuspidal point appeares on the string. 
Let the space TE% be the space of the momentum p. In accordance with our 
suppositions the following domain Q C TE% exists for small e± < e: 



Q ■ Pi+Pi<q(e 1 )pi, px'(s, t)^0, te[0, ei ], Vs. 

The function q(ei) will be a certain continuous function on interval (0,e); 
because the string is a straight line which coinsides with the third coordinate 
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axis for t — 0, the function q(si) — > oo for e\ — > 0. Therefore for the directions 
along the string there are no critical points in the integral §5§. Thus for all 
directions from the domain Q the following representation holds: 

V>(p,t) = V(P,0) + <ty(P,*), (8) 

where small variation 5ip will be the Swarz - like function Thus for all mo- 
ments t G [0, e] the initial location of the particte on the string doesn't change 
essentially. 

Let the cusp appear on the string at the point s = Si at the certain 
moment t = t\. This fact means that px'(si, tx) — for all directions so 
that the integral ([5} has the critical point (see, for example, [Ej)- The 
corresponding asympthotics of the function 5ip(p,t) for all t > t\ will be 
following (the main term): 

e ipx(si,t) 

6if)(p, t) ~ const , |p| — > oo . (9) 

vIpI 

The appearance of the cusp means that the function Sifj G (L 2 (R 3 ))' although 
8i[) G L 2 (R 3 ) before. The asympthotics d^J) leads to the following behaivour 
of the Fourier transformation 8ij)(x.,t) near the point x = x(s 1; t) |13j : 

^(x, t) ~ const |x — x(si, t)| _5//2 . 

Thus the cuspidal point = x(si, •) arising on the string at some moment 
t = t\ leads to the collapse of the wave function in the neighbourhood of this 
point. The detailed rigorous investigation of this "teleportation" effect is the 
interesting problem that demands separate work. 
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